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ABSTRACT 


hecencral review Of tne theory of scatvrering 
Desepeen made.) The formal theory of Lippmann and 
SPC Owmmisere onde: Me exp lanaps Om Ol nuclear reactions due 
VORP OUur aren iheachssed. | TORCONCIUCEe, Variational tech— 


Pie Ome Oly hive cCavuer Mie rOoulcins are Considered, 
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INTRODUCTION 


The process of scattering, thinking of the projec-— 
tile and the target only, seems to be pretty simple. 
Extensive studies have been carried on both classically 
as well as quantum mechanically on this subject right from 
the beginning of this century. Many theoretical and 
experimental works have gone hand in hand in many areas 
of physics and chemistry. 

In the beginning the main interest of study in 
physics was nuclear scattering. Faxen and fates 
introduced partial wave analysis for the first time and 

- 
the first work on resonances was due to Debye. Rutherford 


treated Coulomb scattering classically; the same resul 


= 


were obtained quantum mechanically later in the non- 


relativistic region. The conservation of flux was presente 
by Feenber Ee in 1932 in the form of optical theorem in 


quantum mechanics. 
In general, the scattering problems cannot be 
solved exactly; either the method of successive approxi- 


mations or the variational methods could be used. A 


great amount of work in the latter area was done by 


sets! : Ha la 8a 3a 
Hulthén, Schwinger , Kohn, Kato, Tamm~°. and 
others. From Schwinger's variational method the effective 


range theory was derived for the first time in connec-— 
tion with n-p and p-p scattering. Rohe has developed 


the variational technique for scattering in momentum space. 
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PorpeUie orm Per neery Of scattering, the S matrix was 
Tncroecnucea¢ by narevaned” BO we LSenvere FOO, SLrICchly 
MaumeMawrcal treavmenc can be round in the article by 


iS 


Jaucn. VieVema Pend thie vente! Ormealisme Or the Ss matrix, 


Dicireequiva lence has Deen shown by Fubini.? in Veernis for 


Giese OU0e rea tor Moses! 


has derived Kohn and Hulthén's 
Vetter Ome pe Vncimles . shore tormal wneory of nuclear 
Peace2 One, (nen Matrix, antroduceo by Wigner and Eisenbud 
VomCeG Vento) Cm Om cc man VEC OCsmNOU cSouUmMe any particular 
Mote mero aceounl for Dne cbserved reactions. 

iaeniOsl seCenu Wor OnwCOllisdon problems Gs une 
Pic On ma Ome ets] Omir ela TOM oo, best ea Veil Dy Kronig? 
em eet aa | omen OoOU anew MOO USrSmon relarvons lies 
Maemo vat Nots iOnGe va MleCCmeasUmMpDuUlOnS Tecerdi ns pine 
iGo tu Onmain mice ure. na ilcse relaraonsshave largely 
PeoMmiEecm Ob oC temaUUC VE OnrecleMeltaryepary uclhes. 

Iie spelen One sl Clade <UCh Sot Venrs LUCY On sules sup secu 
GiescCavvceringe there are many aspecus which are yeu Go pe 
expvcmmecd.. MUrthermore, Wien debe COMes Oo Unelr eapplacattone. 
SOMme Ol mule UleOreuLCa Imex presoi Olio are sClumer) NOG OraCc real 
Ona Ue as tl, Very sit WOU GeO mane me dice Omi ae omaiodie 
formalism , easy to work with is elastic scattering 
ae Vvel weLOW sellers ies. 

The above history shows how much work is needed 


COmeeVleWw Une Uneory Ol Sscauverime. nethis thesas a 


Seneral sbudy of nuclear reacuuoms, an introduction co 
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Semavrix theory end a detailed study of variational 
principles have been made. 

Doe napter’1. the Lioppmann-schwinger theory of wave 
Operauvore ano. the so matrix hes been given. This particular 
POL Velie lore Maurine wae schosen because, Later, the 
Vea crete Sepirinci ple ts appived to it. in Chapter 17, 
muclealgereactions ave beensaiscussed very briefly. 

Parvo wavesanalysis and detailed calculations have been 
OMmEyred, Only the Amportant Lormulae and the physical 
COmeemeomialesvecinCaiscusced..) NO Ko matrix treatment is 
mnelvdedebecause 2G 1s nov Girectily related to the 

EeOl moun Ci EnCer Treatment Om lormal theory. Variational 
VDEetteulesmapolled VO Scavuering have been discussed exten— 
Sven eel Dp cit emis my. ClaplLerel Vy as deyored) To 
SOmemoOouucat Ons, Ol Vardational pragciples. 

Mev ie treme renmces wOlwmocalecr tie Nave. TO wslcel 
Pcie ih  oNesDiD tography excep om The Very simpertans 
Ones mre SO. eUllerer are avnrec rel erences 95.00 Use o aiden 
COLO snoOdebe= OlLaIned sbutvware aneluided. fom ined rhs rormisccgs 
Lmporvence:. Up to L951. Blaut, and Weisskopr— Bives a 
degailted List of publicarvivons:. Me bevest Very £o0d Mast 
Can, be found in scattering Theory of Waves sand rarcacles 
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CHAPTER “I 


FORMAL THEORY OF SCATTERING 





PoC wprocesce OF @scavvering consists, essentially, 
Ora Deane oteperticles Ancideny on the tarcet and then 
Scaucvercd. in the remote past and in the remote future 
Chew paertrie les are Tree, described by the free Hamiltonian 
Ho: tihewdvaam cal, properties Of 4 quantum mechanical 
SyovCteclesCOMlaInedmin- une selt adjoint, total enercy 
Operavor 4° Oped DeGRaCerit beri space... in practice , 
BOremavhemavwecal convenience, we take the incident beam 
ase Dlane wave. However, both physically and mathema-— 
Wiican) Ooms lOUCOLReCeU. subhvcaGarly., che dnicldent 
beam is never=a. plane wave, and mathematically, plane wave 
Contommoer CONnvainedt aned Hilbert space. The actual staves. 
Kiewit ss bie Cle Ons eaves) Ol Ho» are represented by wave— 
DecietemWwitGmeare etenenro on Lane Hilbert space, 

Thies treatmeny waven Delow 15 Ain) ener inveracolon 
picture. In the Schrodinger picture wave vectors depend 
on time while operators do not. The Schrodinger equation 
of motion gives the time dependence of the wave vectors. The 
Heisenberg equation of motion gives the time dependence of 
the operators and in thisapiciuremeke state vectors: are inde— 
Denaeny of tame. "This vactuaily cormesponds to the classi— 


COlmeCauacLon Oh MOuUrOnm OF acdyniamical variable. The 
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interaction picture is in between these. The time depen- 
Cevccponea@ic Stave Vectors 18 given by the Schrodinger equa— 
Guo  nvolvine “the interaction Hamilvponian Hy only and the 
time dependence of the operators is given by Heisenberg'’s 
ejUswonyor motion involving only the free Hamilvonian H.. 
ine siiaiv Op rech: here mse ro find out the properties 
Of the scattering operator which relates asymptotically 
Ree ore avec IU Rey Dasteande the future. Scatterime theory 
expresscayu Mes soperat On evhrouch athe given interaction or 
Vicemvewoa .: Fie wuocedure followed here is that due to 


‘6 


Lippmann and Schwinger. Rigorous mathematical treatment 


OMe te pert specesand 1unclPonals is not followed here. 


ibs 


Omen Cavinwenets. Gn tie tarcuchempy J..M. Jauch. 


a. Wave Operators 

oC iene OU tl OM Ome cas late. VECLOrS sine uicm leet — 
SCrmleGmo ne Uicoe Wl pe des CcmiIpedriniaternis Of The Operavors., 
Um), Called = New Wave -Operavors:. Consider the two 
Deri vate COperavOoLs Ho and Hy ieveOuce Sioigibak alee siseveks) evel oral GLb 


and interaction Hamiltonians. The time dependent Schrodinger 


equation is 
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Phere the state vectors in the interaction picture satisfy 


Coe eouacion 


I 


in s- |o(t)> H,(t) |o(t)> 3 


where 


H(t) =e H.. e Mt 


Rew Coes INLerac@u1On OCperarOomeimethe interaction picture. 
Ti wevOurlLOmmOtmunetstates Tseexpressed through the wave 


Operators Ue vc)! i.e, 


}o(t)> = U,(t) |o(-)> 5a 


|o(t)> = U_(t)[o(+@)>. 5b 
Pie sOpera DOr U,(t) Pomoc OLUEPONmMOtm vie edueatilon 


; 3 
in ap Uae, = H,(t)U,(t) 6a 


Wiuleumde. DOUNCaErY Condi ta.0on 
UP ec = 7a 


WitbeLidis boundary condi tion Un ts) has the integral repre- 


sentation 
met 
is oom t ! ! 
U,(t) = J eae UG da 8a 
(Ne ee 
= als 4st = {] t ! 
UP) ee : n(t-t')HT(t JU, (t')at 8b 





2 | S rs ly 7 ais i¢@ e eek a Pe “a 
> ow i 


2UOtht Cy BE 





" of Poi ove ‘2 
i i i ; (| a4 1e38Gg0 7 





where 
n(t) = 9a 


TnewanaiyuLe expression fer nit) is 
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Whevewean > = DOSIUuvenande Chew iM) tre > FO asi aimplied. 
ier hye U ot mi omtnessolutaom of the differential 


equac.on 


U_(t) = H,(t)U_(t) 6b 


Vora neeWouUndaryricondis: T6n 


U(#) =1. Tb 


+00 
WG) Se ! HU Gr) Um aude. 8c 
or 
_ +00 
UG) (as a ant Cu see ae 8a 


Ds Scattering Matrix 


Having defined the wave operators U,(t), the state 


VeCuorulo( +>) > represenving the entire system in its final 
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state corresponding to t = » may be expressed as 


|o(+)> = S|o(-~)> 10 
Hamely , 

Ss = Cle? tah 
omc icmocattorile Operavor. — From equations 5S*and 11, one 
Ses 

Ut) = ti etGre Ss We 


As t + -~, equation 12 defines Sata s 


gat 


U_ (=) 
, +00 
ee we H(t )U_(t)at . 13 


Them coosD ure veviavetMcr aya cem Will pe found eventually 
ineamparvicular state jwith the initial state [o> is 
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The eigenvalue equation for the free Hamiltonian is 
(Ho = E,) 1,3? S10) 15 


We demand that the eigenstates are normalised to unity 


i.e. 
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SO ae 16 
Also we assume the closure relation 
) |o,><%, | als. 7 


Wi Gnetiesrelagtonceho end Uj andi thesunitarity of the $s 
matrix GseCcouom Ilia. the totalescattering probability 
SoCs up LOPOne. 

LOC nM Leis y “ne rOoduuceecne Iwoperator defined 
by 

Te wal So) Lge, 18 


Uist ieeuUnicarity Ol the S matrix (section 1f) we get 


from equation 18 the following relation 
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EQUat Hone OMS Amportans "SinceaenenoOpmitcal Gheorem@wa id 
follow direetly from 16 (section @). The scattering 
brCoabiit Ly fin verms sol matrix clemenvc ron Scan ie 


written as 


or 20 





Vmatien (ol lows. from ob and 11- that 


ee bee -= af dt <, [H(t )U,(t) |,> 
oF : i: dt cleo A of 8 P DRG) Ghee 
ee q i a <4, |i, Aye U,(t)|o,> 
=~ & <b [Hy 1¥g (8)? ie 
where 
AG: i ii ca Boi coy 5 = 59 


ec. Lippmann-Schwinger Equation 


The -s#ate Iw" (E)> will be given meaning in section 
Pe ee CC OmnInC mbes samp men un Leora legal lon sau. onion 
by |v" (E)> Wem DrOCCeCma ss kL Olbows: se SUbSul bute 0.) tn eq.) 22) 
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|p, (E)> = emi §(E-E,) |o,> ar i dt i Gli n(t-t ye 
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oe er OT as 
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= ENGIN es Fs a dt ut dt'n(t-t') 
Ses Pa} t 

serene Veo 
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PuCcmoste=a=yee phen) dod 7 '=d7dt! “and we get 


: _ te ess i(E-H, )e 
US es Sezarsee Gis yo) era at dt oh dt'n(t)e H, 
1 (E—H O== 
Ocal 
x e U,(t') |o ss 
o +oo co i (E-H, pe 
= Pet ete ee Te j Gime Hy 
: ica 
GD a era 
x e U,(t) |o,> 
Ts ; i SUF 
|w,, (E)> oe emns(E-E, )|o,> -P E-H tie Hr |v, ()> 23a 


where (after introducing the integrating factor) 
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0 E-H tie 


oye 


Lewes Duc 


|Wr(E)> = 2nné(E-E,)|¥,> oy 
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then 
emthé (E-E Iyt> = 2nhé(E-E_)|¢,> + ee ceria a eT NOT Iyo> 
a a’ a a B-H tie eel ata 
By Snvegraving’over EH we obtain 
+ a + 
eee, Dipti s ae 
ao 50 


WOUCHM sa mUnecs i ODman oChwaineer equation. Tne positive sien 
of e€ indicates an outgoing scattered wave (Chapter Ih). 


Soe miNectm Wes ta WimMaveslO Use sa Neeative sien such that 


mie y js = 
[v.> > 1.> i Bence Hy |v? aoe 
WalaG A t 
+00 inte.) 


AC edt re * inoue 


Equations24a and 24b can be written down in a new notation 


as 
+ + 
Were eos taG Eee t ape 25 
where 
Cn i 2a ee a See 26 
ce lames) EB =H +1€ 
e>0 sk 18) 
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(H.- E)|,> = 0 
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tNese eqacitons! provide ta time independent formulation of 
Scauvering wand whe smallvwiie auvomatically selects the out-— 
going and the incoming spherical waves as will be shown in 


section non Chapvem I. 


Ore lleeecaltering state 
Tie state |o.> WS Knows vO be an eigenstate of the 
bpee lemiltontan.. Now we give meaning to the state lyo>. 


Multiply equation 23 by (Hohe ne) and let e« > 0, we get 


(E-H,) |W, (B)> = 2uh(E-H,)6(E-E,)|$,> + Hy |W, (E)> 


iH 


2mh(E-E,)6(E-E,)|¢,> + H,|p,(E)>. 


peo @oveGcrm Ol bie R.on.o, 1s zero, it Simplifies 
to 
(E-H_-H.)|y"(E)> = 0 
ey a 
or 


(E-H) |W (B)> = 0 27 


WHeToMeDowGhnesctOLalemiams leonian., “Whus equabionecfesions 
ae ae |w (B) > (|p (E)>) ie seanveieenstave of che vocal 
Hamultonien and ts Known asetne scavcering stave #08 erie 
sysucm. itt has been assumed that the wound staves lappear 
ele AVetem << MO aaem Ke crmmcKe Indies USNee Nba: Neos Ih Sa (Oh se) (pion Ww.0ls) 


CWOmsLLe en Orc nOgconadlaspaces,. 
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houat. On 25 "Cane pe writvren in terms of H instead 


of Hy: Muti oly eq). 25 .by (HRH ede) it gives 


(E-H tie) |¥,> = (E-Hotie)|6,> + H,|We> 


' Ba 
(E-Htie) |p, > CHEM Sree) tet Hy |,> 


+ 
(E-Htie) |p. > COWES) + Hy |o,> 


Hence 


1 
(One) tonete 


ie : 
|v.> Hy |o,>+ 28 


Cie we QuaulOnmLoeisectUuL ine muliiple scattering theory. >? 


ee NeacoLone Ma viri.x 
Me orceres tO makes Une Wnitarity of “the S matrix some— 
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CHAPTER II 


NUCLEAR REACTIONS 


Mim oorlone DradehOotenuclear es scaltering ic 
MnVcwe se reactions in whoichsa article, under the 
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aPewcaKkem to be adjustable parameters. Both the direct 
Peactions and the theory of the R matrix have been omitted 
Develo eve CAscussion paced on the formation of the 
compound nucleus has been included. Whenever the term 
Petvitcle > Used, 10 1s assumeda that 16 can be a simple 
Danreucie OT cam have ary invernal structure. 
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Sane Lorie L Mey Cnlrancerchaunel whites De ands. Torn ithe 


exit channel. There can be more than one exit channel 
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PoRmeavreaction,. However, which particular channels are 
Open cepends on {he ecnersy, angular momentum, parity 
CC eye perGECularsinveraccion can be studied as a function 
Of the energy of the incoming particle and the energies 
aniwot rections vor the outgoing particles. 

SIMCe MOsSt of the work on scattering can be found 
im neerly all quantum mechanics books, the unnecessarily 
devatteducerivatvions will be ayoided and only the essen-— 
owes resp Os included... Ine calculations Will be in 
PRemCciLVenOLeMasomoysvem. tor Convenience, the tensor 


Torces walP'be excluded. 


Ble, NUNC ae 1G weisrey | sioichomloyats: 

Licaiios Ga inDORlCaW@ueacgUalnolyyeCelrermined. an nuclear 
LVeacti Ole Ley Gieunuckearecroseysecu1on,gelastic¢rand in— 
Satie TemoOrGant heacuce ~oDserved Vs tae appearance 
Cig resonances 1,¢€. Sharp maxama in Cross sections “at 
Ce leortm@cticr eles. == ne Kwnowlec@e Ol “Une crocs sectron. 
hemp omahneovudyinie™= the =react2on mechanism and nuctear 
Structure. OO Stare Wa bile NO sDeClal ancer Tor nuclear. 
properties are assumed; the most important quantity 
employed. to explain these cross Secuions is the  Logagi thmic 
deérmivetave of the waverunccion at. the nuclear surtace- 
Other nucléar properties viz. parities, angular momenta, 


energies (lite times, etCe2 can then be determined, 
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PLa@emwe Aare = Using™@ tne’ Wentre or -mass system, the 
CO-Ord"naves Used wlll De the *relative,sco-—ordinates 
Suri me wequced mass" 9M Ror the two particles in’ the 
Pare cwlar channel, “The nuclear and particle spins will 
Demmee Teeved in sections ila, p jd. For mathematical ‘con- 
Vemience, a Olane Wave is taken a@s the incident wave in 
DiewmOOsl LI ye tz-Cirection. Since is Sseeindependentsof 
azimuthal angle o, it can be expanded in terms of Legendre 


Dune CLons 1 as 


i”(224+1)5,(kr)P (cose) 


ema Tem ee VeniUCH 1 Ck el SUD S Utube Tne masympucuie 


form of the Bessel function Jog aia) then 
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Tite se ne unc svorvem@ waveruncllOn Ii Une “absence Olean, 
Eeolowe bute wnen a pOverUlal LS present. the oureoine pam: 
Obecicuwave is Chanced.s The Cots waveluncuion sine tne 


entrance channel, oa, then takes the form 
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where By is one) Ssmpiouder on shes OuLeoI ne wave and depends 


Crmieicsand. Of COUrse, aw ndirech ly songine porential V(r) 
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Ne ea Oe By =) sano gbence no scattering takes place. 
Because sol the unitarity conditions, Bo is in general 
a complex number. IieSConGt i one that the outgoing =fiux 


Coes VOveexcoed the incoming flux is 
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Regie =e 3 


When 18, | meee oere Vs emO@mteact lon and when By = 0 there 
Peemaxvimum cOnuributdon to tne reactlon cross section as 
Wop e rc loar from the formulae derived below: 
MicmocatiwereduWavcman  cCiannieled . Wilen is cine 
GenLnerencesDeLWeem=aune vTOcat Waverlunculon and the plane 


Wan em Saye eT sp V 


ae a Q+1 i(kr - 42) 
ee OI) tere d venti. (1-8) Ye 0 
2=0 
4 
Q Nis 
DitiGer sis ~=iee , equation 4 simplifies to 
> eg ee . ; ikr 
eA) a aen we (224+1)i(1 B,)e P(cosé@). 5 


ieCiapwerel, the asympvuoulc [orm OL =the scavtvered: Wave 
Was ecerived (eq. (2). Therefore, we set the expression 
for sCauvLering amplitude in terms Of parvuilal™ wavecupy 


comparing equations 5 and 72 (Chap. I) 
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DUulMeaGlOnoversall ss corresponds classically to.adding 
Upsall the impact parameters. 

The number of particles N scattered or absorbed 
per sseconc by a number N, of Thee NeGLoentL particles .per 


UDLGpaves Devesecond gives the ascattering or the sreaction 


Crocus ee Dron respectively... is determined by 
“inga Oe ho OM pret . 
N = a f Seen Y - Chae y) is sinededd if. 


where Eo ie ule —Caciuis Ol moe larce: sphere through which 
Cie woes CL CaVCilatved a TO Calculate tne scartrer— 
SH? EMMIS, Sel cue key sts ae PROMwed. Deals Used, Tor the wayve— 
Pucmuonmiinacd sr. and 20or Calculating the absorpulon cross 


SeGuLonmenoulOud let i rOmmed.ae 1S used. 
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asd complex numbers occurs ano 
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ernverperence while for"eéleastic scattering the outgoing 
and incoming waves are coherent and they interfere. 
binverterence treated a section Jid]. 

Hom calculating the angular distribuvion OF <the 
Scarvered perticiles *’ the differential cross sections 
due to different partial waves cannot be added because 
Giirerenver terns in one particular direction interfere. 
But when integrated over all the angles these interference 
Terms soisappear. 

The Bo Cepend On Sriie Wwe Veae svurMe ture Fand are 
Gere “ened wiCOmmelU Mme pronerties sO the waver unction ae 
Ede mikeloaresumtace., Me use Of Une Latter property is 
DOssiplLe Gue to the fact that Schrodinger equation is 
second order equation and the behaviour of the wave- 
DPUneCuTONmeanO Mes Cerivauive au the cee SUthaCcewsunia ce 
to give complete information of Bo: it aewere ra) ia eite ic 
GQe@emreduavvon Ther we would teed additmonal Tcondet ions 
fOteaeun due solLutson. 

Fey Rabe tine *sunmece atune Gada (ct = parui Cl exam ang 
nucleus X,and V(r) be the Coulomb potential energy 
between a and X at 4 Separavivon, P Sah, Wilh eC sacs vie 
SleGurouie wonarege weshave 


Views ae 
eee 


WAGE a 


Lit Yedescribes the relative motion of a and Pe OU Neti ay 


Satisfies the equation 


— 


LL) 


he | | , sa! : 







wet fy TAs od ny 


-— 
* 


AS Ths iy ni ia ot aie] ait, Be | _ 
ret i Afra) ep Ae neva giite ants 
bl red eur 0 i eee ee 


)' Yee Rise 2 a Gah >< : 


Qty. war i Tt Va, 


a 


Mee ict eee 
. | = ey hee hea gd” Sgt 
; | reo pehind |g ame Wah 7 
ii i ral ln’ tet 8 er 
ome tS meee 7 


ee ee en 


rs (i ore presage ; 7 


| ‘i 4 oeMiwbh ad see _ 
& i) Orr’, 
: - 
ey j f rie i900 S8 7 
. ~~ 
| (ost. cot (baba sen ieee 
riven ' heh Ovi OF 
Ye ' 
(LO wi Gtitve "OPS Wi 
me 
% ti Of me Li Si 4 ‘oJ : 
i 7 7 
ee, 04 ( , L Sal q i 


uF Wer V dated, & ave oi his 


, i ne | | 
-_ . 


a 20 2 PING. “ 
7 2 . 


‘sO? aigihy 





3) 
D) 
Tarte ane & ae Woe uCet MaSenris 10 
a 


the racial waverunction Uy selisiies the equation 


d*u,(r) 


2) ASG aay oy AG; 
dr i 2 


+ [k 
ne Nn 


u,(r) = 0) re eae alet 


with a regular solution ee) and irregular solution Go(r). 


UaeSasymorocie behaviours or these solutions is given 
BIBS. Bie 


by 

: al 
F(x) me ST) Gis Be, pacers) 2 2k) eS af 2 
G(r) + cos(kr - ab ei ey ae Teal 2kr ) hoe ees 2 bbs} 


where Oo Pives thewCOoULOmb phase shart and 
ae 
bet hv 


Porming) linear combinations of Oe and Gy(r), we get 


+ _ ey : _ o % r 
U(r) ate: Ree ne + ary ts al = Cu, (r) J i 


Such that uy (Pr) represents an outgoing wave and Bye ee 


an incoming wave. 





For neutrons, since V(r) = 0, I= Ue wand  sys=207 
equac@ons* 12 %and |S are 
T 
“Pd 


QT 
G,(r) > cos(kr - aE 


ine) + sin(kr - 


SiomenersoOluulons Or ed. LL are spherical Bessel functions 


(ce) and Neumann functions (G)(r)). 
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pincerthe twotsolutions are linearly independent , 


Phe Vecneral solution of ee-jliscan be written as 


u(r) = aul") (r) ‘ put) (r) 15 


Pyecomparingy eq. 15 with eq. 2, the coefficients a and. b 
ere. caven py 
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(OP a ee 1 me Nala AS 16 


a= ght 


We=antroduce the well known quantities, Pos the logarithmic 


Cerivabive, the real numbers A, and So and the penetration 


PmacvOM av west Ol Lows: 
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In wermsvof )-the s quantities defined above.» we 


get By Prom Recuatvones slim cards Gilad 


Bo ; Gay ap eco eTat 5 al 


Bquation ¢| shows that the scattering cross section can 
Demealculared without knowing the votential inside the 
UWWeLelosm Une Only parameters required are the range kh 


Snoece te OCarithimic cerivative Py. 


Hromecdiicwlone. |e ele requirement, Tore reacts om TO 


Ga vemoleaCereCCOrd ne UO Cd. 5415 Tia 7) should be ima- 


ginary. If f, is real, lene = 1 and therefore the 


resection cross Section is zero. 


On@es une expression ior By is known, the cross 
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A Pe Ca lled@ene “inverna lor resonance scattering ampli— 


Wide ea Cll ives st Neescagteringe due to internal effects of 
Une nucleus. nee does not Gontain any internal nuclear 


aiiociamurwonlviecives scattering from a hard sphere. 


tn che case vor wcatterinewirom amebimpenetrablarsphere , 


the wavefunction vanishes at r = R and therefore ry = ©, 
wotchweoives Ae = 0h SEQUatmorea2 shows that Worgelastic 


scattering there are three effects viz. resonance scatter- 


Dee epolLentialascatteringe and interference terns. he inter-— 





Gegetweesprerms tive srisesto aminimuminm thet otal scross 
section on the lower energy side of the resonance (section 
bor 
SUD See cteme Om Cola UC LOMn haar MniiiCc reacy aon 
Ces es eC Un OMS E21 Vem iby 
og = (2241) 1x" 


ee Clea pei 
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Bll these results will be’ e@eneralised for spins 


ancy parities In section ¢c. 


Oke Resonance Theory 


Al very high enereies, the incident particle 
Nae a Very smallvprobability to escape through the 
entmance Channelee Wes cantsay that the particle has 
beewwavecrbed was tar as the channel ad 1s concerned. 
however, if vine (channel energy 1s low, the case is quite 
Cmprerento (0 sear theses low energies that anstead of 
Voscry IIe en CONnLIMUCUS SHpectrum, sharp peaks. are observed 
PMeCrOsoesCeCULONS. Witca Charactverice resonance scatvrering. 

ROmSseewualitesavely how resonances occur we 
COlewtoct eomUeCuLrOlmiilcitUe ome: NUGIeCNS. Lhe approx imece 
SO CmOuNU ges DOUlTIUL bal Doassumededs. bhav sOlL oa potential well 
with depth Vee Lien Capclic ciel MOpeCheroy Ole Une™ Meuron 
SUG Gemeneenuc beus, (Uhen the wave numDers OuLrstder and 


inside the nucleus are given respectively by 


ke [pee , K = /B (zg + ¥,) 
ti sa 


bs Tew ueuel ly 50-"0 Mev and heusuallv less thant veces 





Ghaveeke< OK. Tie! WaveruneyLons OClULoLloe end Unsiae can o> 


approximately written as 


BeCos we 


S 
ul 


C cos (Kr + 6) 


iS 
iH 


He, 


ay) M ye “oy 1 Tis as) iw vil = bh 7 a rien Manat Bly 


a, 


7 t ; ae TaD woudl 
= 





Se 08 ios orton 
7 a ‘ me 







ee 7 


} ! 


o oben! OP agberas 


wit) tou GA 


H (i pee Gey @ Bae 


eRe s LL 


sain : 


ba i Sodieedea peed’ ; 

a 

J wid Th » so ypewelt vw 

a 7 
uf . (weer PRes, 

. in 

Lovallivs 2 em hpamelie an, 
Ny eA Pe ‘epren el as 

a aes Ls 

3 ) «ee wi 

PY 2 | : 
rire) pict 'wllwmaw 

ve oy i 3. eae : 


j oi ¥ get RE 5 7 
eu s NY Of eb legies _ 


cs 


pay USL Cat up lang 


oai | ere i 
| ~ = af ja 
tN ai a Ni 


oem = ae | ‘2 ra es ) Lite 


- NAEP WE Bia ope wd o 






/_ 


' U 





TT a 7 


DY 


shew LOgarivhmie*dérivative Ls then 


Sp = -KR tan(KR + 8) 


Fromeuhescontinuity of “the wavefunctions and their deriva-— 


tives at r = R we get 
ee] 
C (xr) * ee ere 
Boma (apsce wee? icy a 
7 
Por i) ~ KR, = oc < wy ei OUnersWorcde at low energsies.. Tie 


amplitude of the inside wavefunction is much smaller than 
Cneseamplitude of the wavelunction outside the nucleus. 
Mereonore,, schere 7s a small -probability af the particie 
Sneerane the nucleus. , However, from Cquation 2/ we see 
that maximum value of 2 15. i. when i) i dee hoOie may 
COreaam partacilar energies Ey? caltved the resonance 
SHNemeineco = UNemO Mase Slur be ware silo usCT ein vom make chic 
hOcerm@ulniCG "Gerivavive ol the radial wavefunction Zero at 
maw errs eoround Dieses oneroles =tnabevhe pariwore 
Deleuraves Strongly invo vhe nucleus and resonances in 
CuewPOormaclon of the compound nucleus’ are "observed. FAG 
paese* low energies the cross section for the LPormation of 
the compound nucleus is no longer a monotonic function of 
energy. The compound nucleus lormed thas discruevevstavcs 
WaLch, Of MCOUrSes are iotsstatlonary:, .puiehave.a piiniic 
Life .time Gee characveri sti cuonm each sabe ne 

THe eEmMiseLony probability per unit time of ephe 


particle or photon from a particular resonance state nis 
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Geeeveciprocal of the life time of that state. In energy 
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aot. called the width of tne resonance statern.) Any 
particular resonance level can decay by more than one 
OmiLTerentsmode and cach mode has its own characteristic 
ules uime Or width. It lis equivalent to saying that there 
HSeemore than one exit channel “open for the décay. 

ioere, ore Ge Total Levelewidthe can beewritven as a.) sum 


Or these’ different widths as* follows? 
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WacremGearesures channels through which tne level n can 


decay and Ten Gives, Une probability of decay or Utter level 
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To .Gectermine the cross SeCtULonsal resonances, 
Consider the approximate wavefunction inside the nucleus. 
It consists of an incoming wave and an outgoing waves; we 
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ie otikr 
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UGr) =~ "C cos (Kr 4+ 6) aR 30 


Where Ons Thee phesessnurt and is 4 real number. At the 
Pe~Onanece enersy.,, tne= logarithmic derivative must vanish 
ROC ish. Defining the formal resonance energy by E> 


we have 
fy (ey) = On 31 


Ne is of importance only when BV) ff AER Rene Pie oh 


Sat ep LMere Toes Tomar ite 


it has been seen that |A___| 
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Peecrolvease Wemoeiame=onte=enerey interval Ac, with 


ZvevosKCr) et 6) by the Condition 
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HOP “aly UNpoOlarised™ beam thes contribution of all “these 
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channels have different J values and hence form different 
Mee Onence states. “Althouse there is no contribution to the 
resonance scattering cross section from non-resonance 
Change? spins, the potential scattering amplitude does 
Cee aC OE PP Or ON. 
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Gorwpantcy Uuntavourcd reactions. The fourth term gives 
ChescOnvrIt bution due to potential scattering at of f— 
Pesonance enercics while the Last term subtracts the con- 
Tribucion Of potential scattering at resonance energies. 
Thus*we see that “these formulae become more’ and 
more complicated with the inclusion of more quantum numbers. 
Impeach ice, Ule pimple cases Usually treated give equally 


Important information. 
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where cc. iS the complex conjugate of the orevyioue semne 
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Nemec viet ve eCependence because Of Cylindrical symmerry 
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Om ceneral Non—local potentials, They have shown that in 
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Woech is, the first Born approximation. The second term 


iisevae numerator gives the second Born, approximation. 
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For =laerce r we have 
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Walch gives the Variational principle for the scattering 


emolltnde. lv can be verified from eq. 42 that 
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Decree nown CO" De tne Mosy eleeant one in Scattering problems 
POreLOWere order Varvatmonalecaleculations. But for higher 
CVve@e cee COCs sot recive ton caloulave the term involving 
the Green's function. In such cases Hulthén's method has 
Deen TOURCATOMDe bie, most "suitable one. 

AlIethe above’ methodsehave been worked out, in, co- 
OLeitiowencoace walch are, generally, applicable to simple 
COMP One OVOMbLeis a eWiet Ol sinletraplons are invelved, it 
tno ti tcl GO.escamave, Tne Comelicared asymptotic 
CO On rie awa vel Uacr TOM. however, it was shown by Dirac 
CNCmhersen Dee Too teal Bemcee VNOvoOulc hbehayi OUursin ,coordinete 
Sb Comte leCusmelece maby ss leUlaribLTes an momentum space. 
Kone =" WOrkece@lea Vaeritavional principle im momentum space 
Sim easeetvew eC New secraerOnary expressrons tor both Kohn— 
Hulthén and Schwinger types of tann. 
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Makinson and Turner have compared variational 
and perpurbavion methods vand have shown that these two 
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Wat ) Cperavors.. “Wilsothe’ stationary value is the scatter- 
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taverrea le contaris thes interaction Hy. iv) tine same tried 
operators are chosen, then eq.46 gives better values than eq.44 
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Watchers sone second Born approxima yion. 

Me {dv SsadVabtase Oi ones er Variata onal expres aon. 
HH and 46 is that when approximations are substituved, the 
UnLvar ty Of S 2S viola Gedieeobomencone thas dit hiculcy we 
tier Oduce The reaction operator K which as Hermitian. With 
Che WerCanmake “VhnewUnibaCtelLy Ot toamanitTest , as will be 


obvious below. 





7 ?s a PF 





1 t i Zz ) 
“? sO4ri 
: } i a) tT] 
Os wt 
: ’ a : ' 
e 7 i _ 
! i eacnt ) 
in fa7seG 
IVEZ xs e435 2a : 
. 
it Vl fate 
| 
! istny 
Slezy _ 
— 
, Ta , > : yy 
j i] » * 3 ay) 





78 


Wevalready have the reletions from Chapter I, 
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(iments tonal princi pve 2h terms of the scattering 
OverolLORPrOrial lei ieemore ceneral Phan that in terms of the 
phase mola tes. Moses 1°? has worked out the Kohn—-Hulthén 
Mebnod 1 tits 1tormalism and’ explains how to get better 
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CHAPTER IV 


APPLICATIONS OF VARIATIONAL PRINCIPLE 


Vorinlective Range Theory 

Toe i everiiCleer 1orees are, GuiLe Complicared “and 
Soule nore Well understood. “To explain the main features 
Cre Mme reon—imeleon scattering at. low energies, 4a few basic 
SecumomTOramcail De Wade —aidelarerm, the OoLvner corrections 
DeOUCtmut ti Vertes c ile Cheat bie =INvernucicar forces are 
-lLOUo moon Gaiipeo eld Conservative, Furthermore, they 
are taken vo be Spin—independent aria “central: no detailed 
fete Oreealoutroaul Peds s (Mat amounts vo Saying “that we 
Ste eepemGCcal ner wion woe voverall errect of depth and range 
Creme vervOmeiutal ancdeiOoLl povner about the shape. For 
See eee wrote teweiiatl (tne povential depth has 
to Be te oeem iw OLderechabeOOuUnde staves Can Exist. Whus 
biemrect Boos Copend On stie “Combined eritect of depth and 
Paseo slo Omeoach parameter Separavely. 

Piece. Cnerty On seine vincideny nucleon as less than 
BLOeMeV elu s WAVE Leno Unis) lone enough so, boab Only p—veme 
(2 = 0) scattering takes place. However, it is assumed 
Gia suhe enerey Of he aneL1denl nucleon 2s much reaver 
Loan the sanding enerey Wor ithe ttarget nucleon so cvhatmthe 
laibeeiels Gaken CO Dewees secntUlally entree partic lc. AL 
these Low energies, the scattering amplitude and total 
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. ein 
Pe 2 O 
Oo = af einen : 2 
k 
oo Ones U vnere are other convenient parameters 


Gonnecved Wwathoscattering Prather than the phase shifts, 
Sewn eersex pressed tCheypoese shatts in terms of these 
Bareme ev eeoy anyerianonal vechnique. Later, Bethe gave a 
OU Verenv method. Berore giving Schwinger's method, we 
fig MiMi hese wOurselves: WiLL these Daraneters . 

thes tedirakbewevel uncet ion uo (kyr) POP =e od Ole) Ves 
the equation (suppressing index 0 throughout IVa), 
qe 


25 mks re K-u(k,r) = Ur jak a0: 3 
‘sie 


Whe seaympeguic torm of the solution of 3 is A sin(kr + 7). 


hacen, Desnormal sed £0. that 


SiveKre +) 1) 


u(k,r) =——> =] SGN Ha 


roo Sour 
This defines the function v(k,r), which coincides with 
eye Ssynprolic wee LoOne rand Is unity at r= 0% 
Opvacwsly, vik ir) savisties the equation 


Ce ae 
d_v(kr) + eves) 
eae 


iH} 
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Bye} 


Hence, the solugion for k= 0 is 


WG) ee Ge ee, 6a 
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[emir temconslany ©, expand vVUk,r) in eq.4a in powers of r: 
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Comparing equations 6a and 4b we get 


= 2h . 
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GCANG Wier Oy aces oaigledy Fermi sp scattering length. .Eq.7b 
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tann = - ka 


Sate nemo Wis BVelie Ful jeG.e 2j..t0r-kK.=,0 to get for the total 


ScCalLClerinecenos ss sean on 


Vit omc heals TO Che Seavlering cross section from an 
impenetrable sphere of radius a. Equation 6a can be 


written as 
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Fineiiy> in-tverms of these’ two quantities, the ‘shape 


independent" Tormula derived is 


a S 
lence tee = 4 ie f{v@(0,r) all 300), We) aCe. 9 
@) 


TiemeacCOnCmLerh OVW LIne mn sn... Or eq.9 16 called the 'range 
SOrreci2onw, §betore This verm was introduced, previous 
Workers had assumed zero range and the results were not 
Satisfactory. The name ‘shape independent! comes from The 
fecte pha anVery @eneral form or potential is assumed for 
(ervey) I Woldii ferent well shapes can give appro- 
Simavelyeauhe same values of a and ry as tone) as the) higher 
OrdecrecC erie. in Kk can-be Kept negligible. 

Now we derive formula 9 from Schwinger's varia- 


Cre Me Mepis seer rOneed. 50, Chan. ILl we have 
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C(O nee a we ntencChOlCerotaucesm as o trial function 
teeretore seems £o be very poor. However, we are not 
concerned with the solutions outside because u(r) occurs 
Rieconormaguonwas Ur ule ye Insiee, the solutions of 

Sec tonogojwen Sp dil ter oy tnevlorder of Ke Whee ie verry 
cia ete low eneraios. “but the SO@lLUCITONSsOuLside and 
tierce Wralume sane are relaved; therefore, we would be 
HUstitied an taking the trial wavefunction u(0,r) suggested 
Dive e smOuUCS WO (Delay eur. 


Therefore we define the function e(r) by 


ucosr) =| 2 - or = e (xr) for a1 iis: ey 
The boundary conditions on g(r) are: 
W020) = 20.) imp lying OO as al 


Ed. Gives. e(r) = _0 Ole a Olen One 6) 0 aide tein 


O 2 
HS al 0 iy gue Gk SOS al a ee gpa Te 
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Ge dr 


ieOrceme tO Caolculave Une expression in jeq. 10 with eghis 
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Using the values G(r,0) ~ 0 oe Coser “aad 
2 a olen Gl hes t—a6) 4 ‘i 
= eae OMeatO. ais O subset. vob ne stor ace > We Ber 
ar 
J(r) = eos(kr) - g(r) - ee ii Ghar ere Ss duet 13b 
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Mee etre om, Wh Ol ec. sl08 can De written then, with the 


help ol “sequarvions I2 end 1L3b, as 


Peac 
\ an —3 uO =. (re) 1dr 
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a e 
Povet Piiem | Slee eos e (Fr) drs 14 
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Terms involving ees have been dropped in writing down 


eq. 14. The denominator of eq. 10 can be written as 
a oie. 
a if iE sinkr U(rj)u(r)dr 
O 
oo 2 
= 7 js ical ms dr 
O ole 
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SNe ee Ean eon Chic 15 
O 
; ; sinkr 
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Keeping terms up to the order of Ke only we get 


i Ao or Sete ea (cer cer. 16 
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Combining equations 14 and 16 we get 


Kecocn = np7+ 


PO 


I? 


-a + % pele + (higher order terms) oi 


Where@tvhe citecvuLlve range 18 Piven Dy 


i 2 J [(-ar)* = u°(0,r) Jar 18 


which is the same as in eq. 8. 


A modified ‘teffective range theory' has been given 
DyeOmual bey ev, ale tor jong range potentials and higher 
angular Memeneal ge 

ipese LOowRenerpy parameters ealand ry can hes DIRS 
demenianger Lhe=rateror., phovorcransi Ui oneane: Brems strane. 
Pie GOuUnOpeuabe! prOovlemecan Similarly oe analysed by Using 
two parameters. 

Dhetaboyv casa iiwpeceereumen Ll: explauns sony euie 
Simple elastic scavvering..  Tovexplaan the Tarver cro le 
Sectlons Observed than those calcuilaved avove. Spins. iad 


to Bbevancludeds Slhevscavvering genet istandeen Techige 


Wanges@are different for difterent spin combinavions. 
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To ancluge the observed quadrupole moment of 

the deutron, non-central forces are used. In 

fac, =more and more complications like parity, Coulomb 
Inveractson., etc. had to come in to explain the observed 
Gata. The effective range theory has also been further 


exvenoed to tMmelude hiecher anecular momenta. 


DeweUoper Bounds to. scattering Lengths 

ToC Li KnOWdettiei les cCakeulalton of energy Tor 
Voie ee cOlUtd “stave "OTF "Sve teml~. I 1S *possabie Lo gets upper 
pounds sor witer eneroy., and Ms Vs Tot StradehttTorward and 
Cae vores i Om ue. exrcrLtcd Svates.. However, an the 
Vato UlogatanteuntOd TOT scavverimig "problems one can=get The 
Mogae soOUNnGU Mm rOrescalroermm ebenethns, even when bound states 
exis. 

We shall consider a system where mo bound states 
Cx ee pe Cae Pu seevlon=lVa. we heve Germmed the scatrering 
Tene enmelOlete-n Ur Only, peiowever, “the results can be @encra= 
Ipsec ecvombound stares Ail, SORE 


Cites the Hamissvonian Of the system, then Lor 


any eduece si nleecrvabre TUunervoOn x, 


{xHx > 0 


We Nave defined the operator L, J1il—8; for k = 0 and 2 = 0 


we have 
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since H « ~L, we have 
Pea, 19 


imseteac of the asymptotic expression given by .eq. 7, Kohn 


Uses UNe asymoLOULC condition 
Wer = wan 20 


Whit eCmom oes Carer ine tengeh. | This expression cives a 

Coto lreocy Ly wine teris. Of a. Whereas If expression 7 isc 

VscdpeciesrcoUlpets in Cerms, Of inverse scattering length. 
tie trie lewavetiacu1on at low energies should 


Saluspymane DOoUndary “conditions 
Up lO) =a) 
Up (P) a eae em for large r . esl 


Un (P) oreo Urla ly huTicu lon wai tn Bm as. Che trial’ value for 


Cie ccevcermine wleneun.~ Pur 
ii) = Up (er) =r) 


Where. asec theme cach aWwavenuncirmonesuehn that, budr) = 90% 
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O dr O 
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ena (an ran) ee J wLwar 


(oe) 


+ f wlwdr - f{ u,Lu,dr 
4 alert 


Or ch al 
MOmiuIsUre 1 he \Couvyervence of tne integraticans we take 


GoepApetaelimit.. Then 


CheGuesiaa ed 2 


VirewmpLo LudeCseeal Upper DOuUnd Tor the scatvering Lengetin. 
icc EOieeaniendme ~Orecomonecan bescaleulgved tome Kohn s, 


Halanen ss or Tammnm's variational methods. 


Gy lonovonic., Peopertylot Phase onifive 


Consider two scattering potentials Vers and Viti) 
Dom DOsLuve. | KALO Us. Varieaoaona l= express Lone waitl be used 


Lor prevent ia BOretWO partial waves cl Same energy, k, and 
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avevrarsmomenvtum, €, the hase Shifts satisfy the relation 


i et 


s 7 af Mee ze V, (Pr) Por a lea 


Assume alae - Mee) to be an infinitesimal positive quan- 


tity and let the radial wave functions be u, (rv) and Uy, (1) 


Pes eG ives) a ron evan Oke ororess Lom aq. ILI, «2b 
ka = ke - f[ vbvdr 22 
0 
we get 
k cot (n,-8) = cot(n,-8) = J u, Lu, dr 


Forewmemwseme, ko ond 2 -and from ehe equations 


we get 
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k cot (n,-8) k cot (n,-8) + J Ube Uns ita cos 


SimCewi Mere Geo COl SOs hh woe SO Sakic Ve 4OC Tad bey Wee GT 
cot (n,-9) ~ cot (n,-8) Sau 
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Since (Yes) meuverya sinald. and U, and U, have the same 
Slope tietor lows that both Mss and Ny have vhe same sign. 


Therefore, we «et 


in ee 24 


WemCen eed up the tnrenivestmals end show that. the result 
PeMirvecwneore elt be= pObeiuaelwaLicecrences also. it follows 
from this Pesulv that phase-shifts are! positive for V(r) < 0 


POCmo nim reand negari yer ure Vir Ms GO for all r: 


Ceol ca vuone oOn ve" Metermineavton OF Waveruncoions and 
Phase onitvus 

De nOre=verror Ona Meunods were developed, Where 
Vo C=Onourimecvenuiyes relpeable mevnods to anclude>effects 
imMicevexcheange horcesr and polarisatiom 1 ori calculating 
piace ots. However .,, Varialional™ techniques have success — 
iy pecwwra DDE? Ors ecalrerinwy where These errectesnave 
Pecimeuoret et pOLoaccounL., —lne first problem to be spudied 
Wass biemscacwerings Of an electron Dyea hydrogen avom by 
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Huang. He made an allowance for polarisation but not 
exchange. pGreatyamprovement was shown by Massey and 
Moiseiwitsch? > by simeluding Doth these eltecvs. ~ Checks 
OlmM vhe Valivoaty ole the Variational technaque. lave been 
made by= comparing tne Tresulvs with Those ol numeri cad 
ue 2 cee © 1. 

Tie Usisleprocedure (Consisus Ol whe LoOllowing 


SvepSat eromauie experimentally cross sections, phase shifts 
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ere, Obtained « Tomexplain the observed data’, trial*wave- 
functions are assumed from which the variational parameters 
ace calculated, these will give the theoretical phase shifts. 
Hnes eieorevical anc experimental results are then compared. 
Poevvemmccwiits creek larwararc, then Une assumptions and 
Soproximeact ons for, choosing the trial, wavefunctions sare 
MOGI Meet! lawes Sere consis ent results. 

Vemearveetanove nm COnatdeCr = the elastic scattering of 
ampelectron™ by, a hydrocenszatom as treated by Massey and 


13a For the one body approximation i.e. when 


Morseiwitscn, 
CheeUriale Weaver unmNct2on Was UNnsymmetric and polarisation 
Waele be cvoOC nm iice TesulUs Were, Nol very sensitive to the 
LOrmmOleurita lm wayeruncElon, as long as 10 satisfied the 
COrreciuepouncary —cOndlULons..- Let r, be indie COOrdinate of tite 
Srec vy COM ieoma von Nilo respec, tO the nucleus, 5 that 


CUeunernendenG electron and 1 tne discance, between the 


ie 
pwc ec Orolsee One-DOOy approximation Wwaverunction 
was 
-7 -r -r 
(a) Ww, = Pave - {sinkr,+ (atfe yee eRe eile } 
E re 2 2 
22 40) 
= Ve (Pj .P5) 


It .d0es nog depend on the relative co-ordinates of) the two 
SlecuroOns mm WiehauUl Sa Ss BInCluCed web wis Cal ec stine spo Ler 


isavion approximation and the trial wavefunction chosen was 
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The wavefunctions (a) and (b) are unsymmetrical. The 
C7 chaleewoeoprOoximattom vekes care of the symmetry of the 
trial wavefunction, which was chosen as 


Gir 


(c) Ve = eee ety 2 Pe 


p20) - 


Pia ivestne ure lb wavetunction taking care of both, the 


Cxclaneermano spo larisaclonm approximations, is 
ON a: 


For vthe! ene—body “approximation, phasewshifts have-been 
LoOvwm OMDeMOULOSmNdchnyLealrywith those irom numericalwinte= 
Piga th Lom. 

HOL Vacs pelara Savion Lap oroximataonyethevagreement is 
POCdmae Cervariitenereies only. Also; it has peen shown 
Ciew viemincluctOM OL parameters Bb and w does mou atiec: 
wher resu los Very mich. 

im case (dad) the observation 1S that the polerication 
effect contributes very little when’ the exchange eifecy is 


INGhUdeO Duc OcherWwise Lb 1s Very important. Dy itseiie. 
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View tee wave Umer ron se lecced 1s such that’ at 
Sov optes The "correc, asymptotic wconditions. However, 
Te eee ao Ul a timecu1 von toLene asymptotic conditions ; 
Liou. Ce Cditterent lal equation. 

inwehnas paper, Massey and Moiseiwitsch. have 
SHOuneehat the SyVIMetriGc wavetunction does not satisfy 
Cie ws weetcene la eeguavlOneondstne phase shitts given 
Vee smo OCiio Ve Pio erNOsc Vem Dy the exact Wage 
CUNO wT ermenOLieim mand ive: antisymmetric function 
PiveomVeCh rr OOCmVAlUCs Ol place Siitte, buv still does 
NOvU=—o ce lemme ronimegVatt Ou.  Thererore, Co avoid 
GeotOUsme pleulal vous ane noOul fain much In vhe tinal results, 
Pout eLOmWOt EW Lies Mole Urials [unc LLONS wiv 
COrPeGe SasymoroluLe. Torms. 

pape tVems umes tieuhe Gase Oly inelastic scabt— 
eerie wOmse leCUrOnSEOy Nydroren, positrons. by jydroren, 
ReUimeOnamoy sOewimrOnse, weve. have been done. Similar 
techniques have also been widely applied to the formal 


theory .or Scactvering. 
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